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Stability
Exercise A, Question 1

Question:

& pendulum is modelled as a uniform rod of mass m and length 27
attached to a particle of mass M. The pendulum is smoothly hinged at
one end to a fixed point 2, as shown in the figure.
a Express the potential energy of the system in terms of 8,
the angle which the pendulum makes with the vertical
through O
b Zhow that there are two positions of equilibrium and determine
whether they are stable or unstable.

My

Solution:

———————————————————— zero level for PE.

M bid

a Take the horizontal level through & as the zero level for potential energy — as & 15
fized

PE forrod =—mglcosd
DE for particle = —Mg 2/ cost
AV =—mglcos B -2Mgicos 6

b {;—Z= mgd sin B+ 2Mglsin 6

Put i—Z=U.Then sint=0=6=0uor m

2
jTVz =mglcos 0+ 2Mgl cost

2
when H=U,%=mgf+2ﬂ{g£:>0 oo Eeulibrium 13 stable at the point of

minimum potential energy, when 8=10.
2

When O=m, jﬁz =—mgl—2Mgl <0 . Equlibrivm iz unstable when 6=m.

(This 15 a point of maximum potential energy.)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com


http://www.kvisoft.com/pdf-merger/

Heinemann Solutionbank: Mechanics 4

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Stability
Exercise A, Question 2

Question:

A emall emooth pulley iz fized at a distance & from a fixed smooth vertical wire. A
ring of mass 2 15 free to slide on the wire. It 1z attached to one end of a string which
passes over the pulley and carries a load of mass 4 hanging from the other end. The
angle between the sloping part of the string and the vertical 15 £,

Ev expressing the potential energy in terms of € find how far the ring 1z below the
pulley in the equilibrium position and determine whether the equilibrium 1z stable or
unstable.

Solution:
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zero level Tor PE.

dmg

Take the horizontal level through the pulley as the zero lewvel for potential energy as
the pulley is fixed
P E for ring = —2mgh

ora cotl D

Eut tanH=E,sc-}'3=
h tan @

So PE for ring = -2mgacoett
PE for load = ~4mg(! — x), where [ is the length of the string,

! b
But sinfi=—_s0 x=— of acosec
x sin

SPE forlead = <dmg(l —acosec &)
STotal PE. for system V' = —2mgacot & + dmgacosec O + & where & is constant

For equilibrium ﬁ =1
da
di 1
Eut 0 = 2mgacosec “H —dmgacosec Hoot 8 &

when c_iE- = cosec =0 or cottl = l cosec
46 2

But cosec 8 =0, for any value of 8

H
g, L0889 _ 1

sinfi Z2gind

cosf = l and H=—,
2

Eut & =acotH=% (from @O
Le thering iz a distance % below the pulley in the equilibrium position,

Differentiate equation @

4
m = —4mgacosec2h‘ cot B + dmgaces e’ +dmgacosech cot? @

Substitute 0 = i ,then as cot X i and cosec Lo i
NE 30453
d* _ —léwmga  Zdmga  omga

—= + + >
TN AN RN -

o There iz a position of stable equilibrivm when A=

The 0

%
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Stability
Exercise A, Question 3

Question:

The diagram shows a uniform rod A8 of length 40 cm and
tnass 2w resting with its end 4 in contact with a smooth
vertical wall. The rod 12 supported by a smooth horizontal rod
which is fized parallel to the wall and a distance 3 cm from the

wall as shown in the figure. & particle of mass %m 1z attached ¥
to the rod at & Z
a Show that when A5 makes an angle & with the vertical the
potential energy 1z given by
F =06z cos§ —0.07 5z cot @ + constant .

b Find any positions of equilibrium and establish whether they
are stable or unstable.

Solution:
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a Take the horizontal level through the support rod as
the zero level for potential energy — as the support rod s fized

The P.E. for particle =%mg < HE

But AV =4X-AY
0.03

=0dcosd ———
tan &

SPE torparticle=02mg cosB —0.0152mg cot B
The P E. for the rod =—Z2mg «FZ
Bu FZ=AY¥-AZ
=00%cotB—02cosd
SPE forrod=-008mgcotd +0.dmgcosd
STotal PE =F=02mgcos 8 —00150mg oot — 0. 08mg cot@ + 0 dimgcos d

=0 émgcost—0075mgcotd

dF

b e = 0. 6mgsinf +0.075mgrosec’t
Put ﬁ= 0. Then
A6
D6sinf = O_'ij
sin”
En® @ = i
0.6
1
a8
sinf@ = l
2
S0 0= & and @ =% correspond to positions of equilibrium.
2
ij; =—0.6mgcosd —0.15mgrosecitcot 6
T
when # =;,%=—%mg = sounstable
& do 10
g2
when & =1,d—z’=%mg =0 so stable
& da 10
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Exercise A, Question 4

Question:

Tweo uniferm smooth heavy rods, each of mass A B

and length 2, are smoothly jointed together at 5.

They are placed symmetrically in a vertical plane,

over a fized sphere of radins @ as shown.

a Show that when the rods make an angle #
with the horizontal the potential energy Fis
given by I =2Mgalzect —an f) +constant .

Hint: use the horizontal plane through the centre of the sphere as the zero lewel for the
potential energy.

b Show that the rods are in equilibrium if cos®@ =sin 8 and verify that # =060 iz
accurate as a solution to 2 2. £

Solution:
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Take the horizontal level through the centre
of the sphere & az the zero level for
potential energy. Let the rods touch the
sphere at points X and ¥

From geometry XOB=¥0B=08 {O:?B = OFB = 90" angle between tangent and
radius.)

g 8

=agsect

cozfl
Consider one of the rods. Let its mid-point be &
Then potential energy of rod= Mg =07

But 0 =0F-5Z
=gsect —agsin O
SPE of rod = MoglasecH—aan )
Asthere are two symmetric rods in the system
F=2MglgsecH—asinf)
[The constant here 15 zero but if you chose the base of the

sphere as the zero level for PLE. then you would have a
constant 2 Mga. |

b For equlibrium ﬁ=
46

Eut i—z = +iMgasecBtan 8 -2 Mgacos 8

1 sin G
%

cosfH cosf

LadMea =

= 2Mgacos

ssin® =cos’d
If 0.60 iz accurate to 2 o.f there should be a zign change when substituting 0,595
and 0,605 inte f{B)=sin®—cos" B

F(0.595) = =746x107 < 0
F(0.605)=0.012=0

sign change oo 06042 a solution accurate to 2 o f
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Exercise A, Question 5

Question:

Four light rods each of length [ are freely hinged at their ends to
form a rhombus ASCD which iz suspended from point A,
A light spring of natural length ! and modulus of elasticity 10mg
connects the points A and
A particle of mass m 15 attached at point O and the rods A5 and D
Al each carry a particle of mass 2 at thewr mid-points. O mowves
freely in a vertical line through A and the angle between A5 and
the dewnward vertical 15 8.
a =how that the potential energy of the system 15 given by

V = mgl (20 cos® 0— 24cos @)+ constant .

b Find the values of 8 which correspond to positions of
equilibrium.
¢ Determine whether these walues correspond to stable or to unstable equilibrium.

mg

Solution:
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a A lewvel of zero potential energy.

Take the horizontal through A as the zero lewel for
potential energy.

Let the diagonals meet at X
From the izosceles AADC AADY iz right-angled

A =lcos = AT =X cosh

~ Extension x of the elastic string AT = 2icos 8 -1

The total P E. of the system 1z Fwhere
2
F=—lmg é cos B — Zmg é cos @ —mg (A +% ,HXT

I:EEEOSH—.EJE

Le. ¥ =—mglcos 8—mgl cos 8 —2mglcos B4+ 3mg ;

= —dmglcos B+ Smgldeos” B—4dcosB+1)

= mgl{20cos® 8 —24 cos §) + constant

b i_Z= mgl |-40cos Bsin 6 + 24 sin @ |

Fut {;—Z=U,then d3anB —-SsinBeesd) =0
1e BanB(3-5cosB)=10
sen B =00r cosH:%

SB =0 or 0,93 radians (2 2. £)

c Asg i—z = mgl [-20sin 20 + 24 sin 4|

2
% = mgl [-40cos 20 + 24 cos |

2
when &= U,% =—l6mgl =0 .. unstable equilibrium

2 —
when =097 % = mgi | —40 /—? +24 /E
da 25 3

128

= ?mgf = 0 cetable equilibrium,
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Exercise A, Question 6

Question:

A light rod A8 of length 2a can turn freely in a vertical plane about a smooth fized
hinge at A A particle of mass s 15 attached at point 5 One end of a light elastic string,

of natural length %cx and modulus of elasticity mgnﬁ 1z also attached to the rod at 2.

The other end of the string iz attached to a fizxed point O at the same horizontal level as
A Giventhat OA=2a andthatthe angle between A5 and the horizontal 12 28,
a show that, provided the string remains taut, the potential energy of the system 1s

given by " =—2mgalsin 20 +;xﬁcos 26 4+ 243 5in )+ constant .

b Verify that there 1z a position of equilibrium in which & = % and determine the

stability of this equilibrium.

Solution:
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o ......lewel of zero potential energy,

P E. of particle = —mg * 2a sin 26

2
DE. of string = lmg\-@x— = lmgﬁi
2 3, 3 a

2
But from the 1sosceles triangle QA8 length
OB =2xBM =2xlasinf

my

coExmtension x=-<asin H—%I
1 3|
STotal PEF = —Zmgasin 26 +§ mgﬁa{dl sin H — E}

1el =—2mga|sin 2H—%J§‘I 16sin? 8 —12sin H+§ @

= —Zmga | sin EH—%\E‘I B—8rcos 268 —12sin H+§ |i|

= —Zmga|sin 26 +%ﬁcos 26 +2\."§sin H} +constant

dF 8
b ﬁ: —2mgcz[2cos ZH—g\Esin 28 +2J§cos H}

TodF T8 m m
When 8=— — = —Z2wmga| 2cos—— = 351n—+2-\f§cos—
& de 3 03 3 &

= —2mga [l-4+3]=0

-

This confirms that & =g gives aposition of equilibrium.

2
%=—2mg@{—4sin2H—§-,EcosEH—2-,."§sin H}

42
when H=%,%=—2mga|:—2\r—§ﬁ—£}=3—;ﬁmga>Cl

.~ this 15 a position of stable equilibrium.
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Exercise A, Question 7

Question:

A small bead B of mass & s can slide on a smooth vertical circular wire with centre &
and radius @ which 1z fized in a vertical plane. 5 1s attached to one end of a light

elastic string of natural length %cx and modulus of elasticity 12z The other end of

the string is attached to a fized point A which iz vertically abowve the centre point & of
the circular wire.

The angle between the string A5 and the downward vertical at 4 15 €
a Show that the potential energy I of'the system is given by

V= Smga((8—k)cos* 6—12cos @)+ constant .

b Find the restrictions on & ifthere 15 only one point of equilibrium, where 8 =0,
¢ oubjectto these restrictions, determine the stability of this equilibrium.

Solution:
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Note BOY =28

{angle at centre = 2 x angle at
circumference)
Az AAOER 15 1s0sceles

zero level OBA=0AB =6

o 1 - N Rore = Also AB=2xAM , where M 15 the mid-
point of A8

so AB=2xacos=2acos fl
Let the extension in the string be x.

Then x=2Z2a cosH—B—a

kmg

The potential energy of the bead B = —jengacos 26

a 2 ‘.2
The potential energy of the stnng = 15 /12mgx—a =dmg a—| Z2cos @ —% |

2% s
2

) i 9 N
o Total potential energy ¥ =—longa cosEH+4mg¢z| deos* B—6cosh +Z |

Le. V7= —domgalZcoos’ 6 —1) +16mga cos® 0 — 2dmga cos 6+ Ymga
= 2mga((8— k) cos® 8 —12cos @) + constant

b i—z= g |—2(8—k) cosfein @ +12:1n0 |

Fut i—z =0  dmgasin |6 —(8-Kcos B |= 0

cain B =0grcosfl=——

B—k
Only one point of equilibrium if 2lie 2=k<8
&
c F: Smga I—Z(S—k}cos 28 4+12c0s 6 I
When 6 =10
&

S = e 28— k) +12]

= Zmga [2k-4]z 0ask =2

- Equilibrium 1s stable.
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Exercise A, Question 8

Question:

A uniform rod A8 of length 24 and weight 21 iz freely pivoted to a fized support at
A A light elastic string of natural length & and modulus %W haz one end attached to B

and the other to a small ring which iz free to slide on a smooth horizontal straight wire
passing through a point at a height %2 abowe 4

a Show that when the rod makes an angle 8 with the upward vertical at.A and the
string iz vertical, the potential energy of the system iz
F=2Wacos@{cos@—1)+ constant .

b Find the positions of equilibrium and determine whether they are stable or unstable.

Solution:
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Q zero level for PLE.
F
PE of rod =21 (Ja—acoest)
Mo 1.3, s
PE of string = —=x=FF —
9 of string I
where ¢ +x =%z —2acosf
__________ T B SLAX=8a—Zacos B
4 i}
A =
21

sototal PE VM =-210 (8a —acosd )+ iﬁaz (B—Zcoszf f
i

1E V=—]89Wac+2115!?‘?;:::-::-3H+%J/]ﬂ’-’cx(rﬁﬁl—32::-::5H+4|:c:-s2 &)

= Wacos® 0 — 24Wa cos 0 + 21 Wa cos 0 +48Wa — 189
S =3WacosB{cos 8 — 1) +constant

b {;_i;zBWacosH(—sinH)_gmzsinH{msH_”

Fut i—z= 0, then 6 zcosfan@+3Fasnd =0

san B (l-ZcosB)=10

) ) 1
te. sin =0 or cosfi=—

SB=01 or 4
a
i =—6facos 20+ 3Facos 0
da
2
When 6=10 ki g —3Wa =0 .. unstable
Ela
2
=x Sle =9 < 0 .. unstable
46
o
8= — ﬂ= W +% =0 - stable
2 4¢ 2
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Stability
Exercise A, Question 9

Question:

A light rod A5 can freely turn in a vertical plane about a smooth hinge at 4 and carries

a mass m hanging from B A light string of length 2a fastened to the rod at & passes

over a smooth peg at a point & vertically above A and carries a mass & at itz free end.

It AC=48=a,

a find the range of values of & for which equilibrium 1z possible with the rod inclined
to the vertical

b Given that equilibrium iz possible with the rod horizontal find the value of k.

¢ Ifthe rod is slightly disturbed when horizontal and in equilibrium, determine
whether it will return to the horizontal position or not. [E]

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4 Page2 of 3

2@

CX =uasin E
P
~OH = 2a sinE
2
Agthe string has length 2a, k= 24 Zasin%

+mglacost—x)

i i H"."l
. Total P.E. V=+ﬁmg‘ a—| 2a—2a sinEJ
| LY

il

where x 15 constant.

. B
S = Llonga sin 3 + mga cos @ +constant

For equilibrium, ﬁ =0
46

%= bngacosg—mgasin £

& . B
= jpMga cos —— 2mga 51 —Cos —
® 2 5 2 2
0/ . 0B
= mgacos —| b —25in —
= 2|,_ 2_J
s Equilibrium when cos— =0 or when sm§=§ when cos§=D,H=E,

Le, notinclined to the vertical,

I - ;
cain —=— must have a solution

As Uﬁsin%il

Skl
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T

b When the rod 15 horizontal 6 = E
Sok—2 sin% =10 for equilibrium
e k=+2

2
H

£=— frigs sify ——pegacos O

dd 2 2

Substitute © =% and k=2

2
&V mga "

0

de? 2

~ounstable zo will not return to herizontal position
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Exercise A, Question 10

Question:

Four equal uniform rods, each of length 2a and each of mass M are rigidly joined
together to form a square frame. The frame hangs at rest in a vertical plane on two
pegs Fand () which are at the same level as each other.

If P=4 andthe pegs are each in contact with different rods, show that the potential

energy Featisfies the equation ¥ = 2mg(bein 20 —2asinf —2acoz ).

Find the three positions of equilibrium if &= \Ea and determine the stability of each
of thern

Solution:
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The horizontal through pointz F and O
1z the zero lewel for potential energy.
(The mid-point of PO will be vertically

abowe the centre of the square )
Label the square ASC 0
Let & be the angle between A5 and the
herizontal.
Let &, G,. G and G be the mid-points
of the four reds az shown,
BF=hcost
DPE =(e—boosh)

D

- Potential Energy of rod A8 =—-Mg(e—bcos 0 )sin B
=imilarly

BO=bsin® andso G0 =(bsinf—a)

- Fotential Energy of rod 50 = Mg (4sint —a Joosd
Potential Energy of rod CO=-Mg (Za—Absin 0 Joosf — Mgasn 0 and

Potential Energy of rod AD=-Mg(2a—bcos 0 )sin 08— Mgacost

- Total Potential Energy
Fo=—Mgasin O+ Mghoos Bsin 6

+ Mghcosfsin 0 —Mgacosfl
— Mgasin @ +MgbcosBsin -2 Mgacos 6
— 2Mgasin 8+ Mghein Bcoz— Mgacos 6
1e ¥ =—4Msaant +4dMghsinfcos —4Mgacost
= 2 Mgz [bsin 20 — 2asin @ — 2z cosd |
If b=+
Vo= 2~'{§Mga [sin 26— «J'Esin B — ﬁcos H]

i—z = 2~J§Mg¢z[2 Cos 2H—-¢Ecos H+~‘f§ sin H:I

Put ﬂ=|3
d6a

Then 2cos 20 —+2 (cosB—sinB)=0
s2lcos® 6 sin? H]—\E (cosB—anfB)=10

.'.'\.‘IEI:DOSH—Sin &) [\."E(cos f+sn H}—l:l =1

scosH=sinf or cosB+sinf =

&= &

I T
itetan@=1 or \Ecos‘ H—'z|
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1»3H=£ orcoslH—:]:l
4 4__. &
.‘,|‘1'=£ or H=£+1 or =—£+£
4 34 34
12 12
2
jTi=2«EMga[—4sin2H+u5sinH+ ECOSH]
n 4

when #= = d_ng ZﬁMga [-4+1+1] =—4\."§Mga <0 . unstable.

In 4

when 6= —5 = 220ga |2 +1]) = 64/2Mga = 0 .. stable.

+
2 def 2 2 2
= 6@Mgﬂ =0 .. stable

de
when H=-—1'—' £=2Q{§Mga +2+l—£+l 3
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